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We investigate the inflationary realization in the context of unimodular F (T ) gravity, which
is based on the F (T ) modification of teleparallel gravity, in which one imposes the unimodular
condition through the use of Lagrange multipliers. We develop the general reconstruction procedure
of the F (T ) form that can give rise to a given scale-factor evolution, and then we apply it in the
inflationary regime. We extract the Hubble slow-roll parameters that allow us to calculate various
inflation-related observables, such as the scalar spectral index and its running, the tensor-to-scalar
ratio, and the tensor spectral index. Then, we examine the particular cases of de Sitter and power-
law inflation, of Starobinsky inflation, as well as inflation in a specific model of unimodular F (T )
gravity. As we show, in all cases the predictions of our scenarios are in a very good agreement
with Planck observational data. Finally, inflation in unimodular F (T ) gravity has the additional
advantage that it always allows for a graceful exit for specific regions of the model parameters.
PACS numbers: 98.80.-k, 98.80.Cq, 04.50.Kd
I. INTRODUCTION
According to the Standard Model of Cosmology, sup-
ported by a large amount of observational data, during
its evolution the universe has experienced two phases of
accelerated expansion, the inflationary one at early times
and the current one at late times [1–6]. In order to ex-
plain these accelerated phases one should introduce small
deviations to the standard physics paradigm, and there
are two main directions that one can follow. The first
is to maintain general relativity as the gravitational the-
ory and alter the content of the universe by introducing
novel, exotic forms of matter fields, either as inflaton
field(s) [7] or as dark energy sector [8, 9]. The second
way is to modify the gravitational sector, constructing
a theory that possesses general relativity as a particular
limit, but with additional degrees of freedom that can
drive an accelerating expansion [10].
Although most of the works in modified gravity start
from the usual gravitational description based on cur-
vature and modify the Einstein-Hilbert action, with the
simplest example being the F (R) scenario [11], one could
equally well construct gravitational modifications start-
ing from the torsion-based description of gravity. In par-
ticular, one could start from the Teleparallel Equivalent
of General Relativity (TEGR) [12–15], in which the grav-
itational Lagrangian is the torsion scalar T , and build
various extensions, with the simplest example being the
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F (T ) theory [16, 17] (for a review see [18]). Interestingly
enough, although TEGR is completely equivalent with
general relativity at the level of equations, F (T ) does not
coincide with F (R) gravity, and thus its cosmological ap-
plication has led to novel features, either at inflationary
stage [19] or at the late-time accelerated epoch [20, 21].
On the other hand, unimodular gravity [22] is an inter-
esting gravitational theory, which can be considered as a
specific case of general relativity. In particular, while in
standard general relativity the origin of the cosmologi-
cal constant is not well understood [23], in unimodular
gravity it arises as the trace-free part of the gravitational
field equations, as long as the determinant of the metric
is fixed to a number or a function. The great theoreti-
cal advantage of this procedure is that since the trace-
free part of the field equations is not related to the vac-
uum expectation value of any matter field, one can fix
its value without facing the cosmological constant prob-
lem. Hence, one can use unimodular gravity in order
to describe the inflationary regime [24] and the late-time
cosmic acceleration [25]. Additionally, one can start from
unimodular gravity in order to construct extensions, such
as unimodular F (R) gravity [26] and unimodular F (T )
gravity [27], which prove to have interesting cosmological
implications.
In the present work we are interesting in investigat-
ing inflationary cosmology in the framework of unimod-
ular F (T ) gravity. Specifically, we study the Lagrange
multiplier method to represent the action of unimodular
F (T ) gravity and we build its reconstruction procedure.
In addition, we extract the observables of the inflation-
ary regime, namely the spectral index of the curvature
perturbations and its running, the tensor spectral index,
2and the tensor-to-scalar ratio, showing that they are in
very satisfactory agreement with observations. Finally,
we study the instability of the de Sitter solution, by in-
vestigating its perturbations, showing that a graceful exit
can always be realized for specific parametric regions,
which is an advantage of inflation in unimodular F (T )
gravity.
The plan of the work is the following. In Sec. II we
formulate unimodular F (T ) gravity using Lagrange mul-
tipliers and we present the reconstruction procedure. In
Sec. III we investigate the inflationary realization in the
context of unimodular F (T ) gravity, in the case of de
Sitter, power-law and Starobinsky inflation, as well as
for a specific F (T ) form, extracting the inflationary ob-
servables and comparing them with the Planck data. In
Sec. IV we discuss the graceful exit from inflation in
the scenario at hand. Finally, Sec. V is devoted to the
conclusions.
II. UNIMODULAR F (T ) GRAVITY
In this section we will present unimodular F (T ) gravity
and then we will formulate it using Lagrange multipliers.
Finally, we will provide the method for reconstructing
unimodular F (T ) gravity in the general case.
A. Teleparallel and F (T ) gravity
In teleparallel formulation of gravitation one uses the
vierbeins eµA as dynamical variables, which at each point
xµ of a generic manifold form an orthonormal base for
the tangent space. The metric is then given as
gµν = ηABe
A
µ e
B
ν , (1)
where greek indice span the coordinate space while latin
indices span the tangent space). Furthermore, one uses
the curvatureless Weitzenbo¨ck connection [14]
w
Γ
λ
νµ ≡
eλA ∂µe
A
ν , instead of the standard torsionless Levi-Civita
one, and thus the gravitational field is described not by
the curvature tensor but by the torsion one, which reads
as
T ρµν ≡ eρA
(
∂µe
A
ν − ∂νeAµ
)
. (2)
The Lagrangian of such a theory is just the torsion scalar
T , which is constructed by contractions of the torsion
tensor, namely [15]
T ≡ 1
4
T ρµνTρµν +
1
2
T ρµνTνµρ − TρµρT νµν . (3)
Since in F (R) gravity one extends the Einstein-Hilbert
Lagrangian, namely the Ricci scalar R to an arbitrary
function F (R), one can follow a similar procedure in the
context of teleparallel gravity, i.e. generalize T to F (T )
obtaining the F (T ) gravitational modification [16–18]:
S =
∫
d4xe
[
F (T )
2κ2
]
, (4)
where e = det
(
eAµ
)
=
√−g and κ2 = 8πG = M−1p is the
gravitational constant, with Mp the Planck mass.
The equations of motion for F (T ) gravity arise by vari-
ation of the total action S+SM, where SM is the matter
action, in terms of the vierbeins, and they write as
e−1∂µ(ee
ρ
ASρ
µν)
dF (T )
dT
+ eρASρ
µν∂µ(T )
d2F (T )
dT 2
−dF (T )
dT
eλAT
ρ
µλSρ
νµ +
1
4
eνAF (T ) =
κ2
2
eρA T
(M) ν
ρ ,(5)
where the “super-potential” tensor S µνρ =
1
2
(
Kµνρ + δ
µ
ρT
αν
α − δνρTαµα
)
is defined in terms of
the co-torsion tensor Kµνρ = − 12
(
T µνρ − T νµρ − T µνρ
)
.
Additionally, T (M)
ν
ρ denotes the energy-momentum
tensor corresponding to SM. We mention that in the
case where F (T ) = T one obtains teleparallel equivalent
of general relativity, in which case equations (5) coincide
with the field equations of the latter.
B. Unimodular conditions
Let us now present briefly the basic idea of unimod-
ular gravity. In such a construction the determinant g
of the metric gµν is imposed to be a constant value,
namely the metric components are constrained in or-
der for
√−g to be fixed. Without loss of generality,
one can set
√−g = 1 [26]. In the case of cosmologi-
cal applications one considers a flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) space-time with metric
ds2 = dt2 − a2(t)
[(
dx1
)2
+
(
dx2
)2
+
(
dx3
)2]
, (6)
which arises from the vierbein
eAµ = diag(1, a(t), a(t), a(t)), (7)
where a(t) is the scale factor and t is the cosmic time.
Introducing a new time variable τ through
dτ ≡ a3(t)dt, (8)
the FLRW metric is rewritten as
ds2 = a−6(τ)dτ2 − a2(τ)
[(
dx1
)2
+
(
dx2
)2
+
(
dx3
)2]
,
(9)
with a(τ) ≡ a(t(τ)). In this case we have gµν =
diag(a−6(τ),−a2(τ),−a2(τ),−a2(τ)) and the vierbein
components are given by
eAµ = diag(a
−3(τ), a(τ), a(τ), a(τ)). (10)
Hence, we can easily verify the satisfaction of the uni-
modular gravity constraint, namely that |e| = det (eAµ ) =√−g = 1.
3C. Lagrange multiplier formulation of unimodular
F (T ) gravity
In this subsection we will present the Lagrange multi-
plier formulation of unimodular F (T ) gravity, following
the corresponding procedure developed for F (R) gravity
in [26]. In particular, we will use the Lagrange multi-
plier method [28] in the framework of F (T ) gravity in
order to ensure that the unimodular condition is satis-
fied. Introducing the Lagrange multiplier λ, the action
of unimodular F (T ) gravity with matter can be written
as [27]
S =
∫
d4x
{
|e|
[
F (T )
2κ2
− λ
]
+ λ
}
+ SM , (11)
and in the following we set 2κ2 = 1 for simplicity.
By varying the action in Eq. (11) with respect to the
vierbein we acquire [27]
e−1∂µ(ee
ρ
ASρ
µν)
dF (T )
dT
+ eρASρ
µν∂µ(T )
d2F (T )
dT 2
−dF (T )
dT
eλAT
ρ
µλSρ
νµ+
1
4
eνA [F (T )−λ]=
1
4
eρA T
(M) ν
ρ .(12)
In the following we consider the matter energy-
momentum tensor T (M)
ν
ρ to correspond to a perfect
fluid, namely T (M)
ν
ρ = diag(ρM,−PM,−PM,−PM),
where ρM and PM are the energy density and pressure
respectively.
In the case of FRLW geometry of (7) or (10), the tor-
sion scalar T defined in (3) becomes
T = −6H(t)2 = −6a6(τ)H(τ)2, (13)
where H(τ) ≡ 1a(τ) da(τ)dτ is the new function that plays
the role of the Hubble parameter H(t) ≡ a˙(t)/a(t) (with
dots denoting derivatives with respect to t). Hence, in
this case the general field equations (12) give rise to the
two Friedmann equations as
12a6(τ)H2 dF (T )
dT
+ [F (T )− λ]− ρM = 0 , (14)
−48a12(τ)H2
(
3H2 + dH
dτ
)
d2F (T )
dT 2
+ [F (T )− λ]
+4a6(τ)
(
6H2 + dH
dτ
)
dF (T )
dT
+ PM = 0 . (15)
Eliminating the term (F (T )− λ) between (14) and (15),
and using the relation (13) we acquire
4a6(τ)
(
3H2 + dH
dτ
)[
2T
d2F (T )
dT 2
+
dF (T )
dT
]
+ρM+PM = 0 .
(16)
Finally, the system of equations closes by considering the
continuity equation for the matter fluid, namely
dρM
dτ
+ 3H (ρM + PM) = 0 . (17)
D. Reconstruction of unimodular F (T ) gravity
In this subsection we will present the method of re-
constructing the F (T ) form that generates a given scale-
factor evolution. We start by differentiating (13) in order
to obtain the useful relation
dT
dτ
= −12a6(τ)H (3H2 + dH/dτ) , (18)
and inserting it into Eq. (16) we acquire
− 1
3H
[
2T
d
dτ
(
dF (T )
dT
)
+
dF (T )
dτ
]
+ρM+PM = 0 . (19)
Let us now consider a specific scale factor. For sim-
plicity we choose the general power-law form
a(t) = a∗
(
t
t∗
)p
, (20)
where a∗ is a value of a at time t∗ and p is a constant, but
the reconstruction procedure can be applied in a general
a(t) too. In this case relation (8) leads to
τ =
a3∗ t∗
3p+ 1
(
t
t∗
)3p+1
, (21)
and in terms of the new time variable τ the above scale
factor reads as
a(τ) =
(
τ
τ∗
)q
, (22)
with
q ≡ p
3p+ 1
,
τ∗ ≡ t∗
a
1/p
∗ (3p+ 1)
. (23)
In this case H = p/t and H = q/τ , and hence (13) leads
to
T = −6
(
q
τ∗
)2 (
τ
τ∗
)2(3q−1)
. (24)
Thus, we can easily find that d/dT =
−{τ3∗ / [12q2 (3q − 1)]} (τ/τ∗)−3(2q−1) d/dτ . Addi-
tionally, if the matter perfect fluid has a constant
equation-of-state parameter w = PM/ρM, then the
continuity equation (17) gives ρM = ρM∗ (τ/τ∗)
−3q(1+w)
,
where ρM∗ is the value of ρM at τ = τ∗. Inserting these
into Eq. (19) we obtain
d2F (τ)
dτ2
+
(2− 3q)
τ
dF (τ)
dτ
−3q (3q − 1) (1 + w) ρM∗
τ
−3q(1+w)
∗
τ−3q(1+w)−2 = 0 , (25)
4which is a differential equation in terms of τ . The general
solution of (25) reads as
F (τ) = c1τ
3q−1 − (3q − 1)ρM∗
[3q (2 + w)− 1]
(
τ
τ∗
)−3q(1+w)
+ c2,
(26)
where c1 and c2 are integration constants. Therefore,
using (24) we can express this solution in terms of T as
F (T ) = c1
τ3q∗√
6q
√
−T + c2
− (3q − 1)
(
6q2
) 3q(1+w)
2(3q−1) τ
−
3q(1+w)
3q−1
∗ ρM∗
[3q (2 + w) − 1] (−T )
−
3q(1+w)
2(3q−1) . (27)
Hence, we have reconstructed the F (T ) form that gen-
erates the power-law scale factor evolution (22). Finally,
for completeness we give the expression for the Lagrange
multiplier too. In particular, inserting (27) into Eq. (14)
we find that
λ(τ) = −2ρM∗
(
τ
τ∗
)−3q(1+w)
+ c2 , (28)
which using (24) leads to
λ(T ) = −2ρM∗
(
6q2
) 3q(1+w)
2(3q−1) τ
−
3q(1+w)
3q−1
∗ (−T )−
3q(1+w)
2(3q−1) + c2 .
(29)
Lastly, note that in the vacuum case, i.e. when ρM = 0
and PM = 0, we find that
F (T ) = c1
√
−T + c2 , (30)
while
λ = c2 . (31)
Thus, the Lagrange multiplier becomes constant and the
F (T ) form can be reconstructed without using the ex-
pression of the scale factor. However, we mention that in
this simple case the theory becomes trivial, since the La-
grangian, in the absence of the constant term, becomes
a total derivative [29].
III. INFLATIONARY COSMOLOGY
In the previous section we presented unimodular F (T )
gravity and we analyzed the procedure with which one
can reconstruct the specific F (T ) form that can gener-
ate a given scale-factor evolution. Hence, in the present
section we will apply these in inflationary cosmology,
in order to investigate inflation realization in unimod-
ular F (T ) gravity. Additionally, we will extract various
inflation-related observables, such as the scalar and ten-
sor spectral indices, the running spectral index, and the
tensor-to-scalar ratio, and we will compare them with
observational data.
A. Slow-roll parameters and inflationary
observables
In every inflationary scenario one needs to calculate
the values of various inflation-related observables, such as
the scalar spectral index of the curvature perturbations
ns, the running αs ≡ dns/d ln k of the spectral index ns,
where k is the absolute value of the wave number k, the
tensor spectral index nT and the tensor-to-scalar ratio
r, since these quantities are determined very accurately
by observational data, and thus confrontation can con-
strain of exclude the scenarios at hand. In principle, the
calculation of the above observables requires a detailed
and lengthy perturbation analysis. However, one can by-
pass this procedure by transforming the given scenario
to the Einstein frame, where all the inflation information
is encoded in the (effective) scalar potential V (φ), defin-
ing the slow-roll parameters ǫ, η and ξ in terms of this
potential and its derivatives as [30, 31]
ǫ ≡ M
2
p
2
(
1
V
dV
dφ
)2
, (32)
η ≡ M
2
p
V
d2V
dφ2
, (33)
ξ2 ≡ M
4
p
V 2
dV
dφ
d3V
dφ3
, (34)
(inflation ends when ǫ = 1), and then using the approx-
imate expressions for the observables in terms of these
potential-related slow-roll parameters [31]:
r ≈ 16ǫ, (35)
ns ≈ 1− 6ǫ+ 2η, (36)
αs ≈ 16ǫη − 24ǫ2 − 2ξ2, (37)
nT ≈ −2ǫ. (38)
However, the above procedure cannot be applied in
modified gravity scenarios where the conformal trans-
formation to the Einstein frame is absent, since in this
case one cannot define a scalar potential and then the
potential-related slow-roll parameters. In such scenar-
ios one should instead introduce the “Hubble slow-roll”
parameters ǫn (with n positive integer), defined as [31]
ǫn+1 ≡ d ln |ǫn|
dN
, (39)
with ǫ0 ≡ Hini/H and N ≡ ln(a/aini) the e-folding num-
ber, and where aini is the scale factor at the beginning of
inflation and Hini the corresponding Hubble parameter
(inflation ends when ǫ1 = 1). In terms of the first three
5ǫn, which are straightforwardly extracted to be
ǫ1 ≡ − H˙
H2
, (40)
ǫ2 ≡ H¨
HH˙
− 2H˙
H2
, (41)
ǫ3 ≡
(
H¨H − 2H˙2
)−1
·
[
HH˙
...
H − H¨(H˙2 +HH¨)
HH˙
− 2H˙
H2
(HH¨ − 2H˙2)
]
,(42)
the inflationary observables write as [31]
r ≈ 16ǫ1, (43)
ns ≈ 1− 2ǫ1 − 2ǫ2, (44)
αs ≈ −2ǫ1ǫ2 − ǫ2ǫ3, (45)
nT ≈ −2ǫ1. (46)
Obviously, in cases where both the potential-related slow-
roll parameters and the Hubble slow-roll parameters can
be defined, the final expressions for the observables r, ns,
αs and nT coincide.
In the present work we are interested in investigating
inflationary cosmology in the framework of unimodular
F (T ) gravity. Similarly to usual F (T ) gravity, and in
contrast with F (R) gravity, in this case there is not a
conformal transformation to the Einstein frame [18, 32],
where one could find the effective scalar potential and
then use it in order to calculate the potential-related
slow-roll parameters. Hence, in order to calculate the in-
flationary observables we must use the Hubble slow-roll
parameters (40)-(42), and then insert them into expres-
sions (43)-(46).
Finally, let us stress here that the above procedure
pre-assumes that there is only one extra (comparing to
general relativity) degree of freedom that drives inflation,
and which will affect the scalar and tensor perturbations.
However, in general, F (T ) gravity possesses three extra
degrees of freedom, corresponding to one massive vector
field or to one massless vector field and one scalar [33].
Nevertheless, as it was shown in [34], in the case of FLRW
geometry, and for viable F (T ) scenarios, only one extra
degree of freedom arises at the background and linear
perturbation levels. Hence, as a first approximation, the
observables can be calculated with the aforementioned
procedure, through the use of Hubble slow-roll parame-
ters.
B. de Sitter and power-law inflation
Let us first provide the kinematical expressions for in-
flation realization. Without loss of generality we focus
on two basic inflationary scale-factor evolutions, namely
the de Sitter and the power-law ones. The investigation
of arbitrary evolutions is straightforward.
For the de Sitter inflation the scale factor has the well-
known exponential form
a(t) = eHinf t, (47)
where Hinf is the constant Hubble parameter at the in-
flationary stage. In this case, following the procedure of
the previous section, and in particular relations (8) and
(9), we find
τ =
1
3Hinf
e3Hinf t , (48)
a(τ) = (Hinfτ)
1/3
. (49)
Similarly, for the power-law inflation the scale factor has
the form (20), namely
a(t) = a∗
(
t
t∗
)p
, (50)
where a∗ is the value of a at time t∗ and p is a constant.
In this case, and as was analyzed in the previous section,
in expressions (22) and (23), we obtain
a(τ) =
(
τ
τ∗
)q
, (51)
with q = p/(3p + 1) and τ∗ = t∗/[a
1/p
∗ (3p + 1)]. Note
that in the limit p → ∞ and t∗ → ∞ with p/t∗ = H∗ =
const., the power-law expansion (50) gives the de Sitter
expansion (47), with Hinf = 3H∗. Hence, we can study
both cases in a simultaneous way, using (51), and thus
the unimodular metric (9) becomes
ds2 =
(
τ
τ∗
)−6q
dτ2−
(
τ
τ∗
)2q[(
dx1
)2
+
(
dx2
)2
+
(
dx3
)2]
.
(52)
In summary, for q = 1/3 we re-obtain the de Sitter expan-
sion, while for 1/4 < q < 1/3, i.e. for p > 1, the power-
law inflation is realized. Additionally, note that for p < 0,
i.e. for q < 0 or q > 1/3, we acquire H˙ = −p/t2 > 0,
which corresponds to the realization of super-inflation.
Finally, for 0 < p ≤ 1, i.e. for 0 < q ≤ 1/4, accelerated
expansion, and thus inflation, is not realized.
Let us now investigate the observables in the case of
power-law inflation. As it was shown in [35], it is more
convenient to use the e-folding number N as the inde-
pendent variable (for related considerations, see [36, 37]).
Hence, for every function g we have that g˙ = g′(N)H(N),
where primes denote derivatives with respect toN . Thus,
the Hubble slow-roll parameters (40)-(42) can be re-
expressed as
ǫ1(N) ≡ −H
′(N)
H(N)
, (53)
ǫ2(N) ≡ H
′′(N)
H ′(N)
− H
′(N)
H(N)
, (54)
ǫ3(N) ≡
[
H(N)H ′(N)
H ′′(N)H(N)−H ′(N)2
]
·
[
H ′′′(N)
H ′(N)
− H
′′(N)2
H ′(N)2
− H
′′(N)
H(N)
+
H ′(N)2
H(N)2
]
. (55)
6Let us now consider the power-law inflation of the form
(50) or, expressed in unimodular terms, of (51) and (52).
For this case we obtain
ǫ1 =
1
p
, (56)
ǫ2 = 0, (57)
ǫ3 =
1
p
, (58)
and thus (43)-(46) give
r ≈ 16
p
, (59)
ns ≈ 1− 2
p
, (60)
αs ≈ 0, (61)
nT ≈ −2
p
, (62)
where we remind that p = q/(1−3q). Finally, eliminating
p between (59),(60) we obtain
r = 8(1− ns). (63)
Hence, if we take p = 100, i.e. for q = 0.332, we acquire
r ≈ 0.16 ns ≈ 0.98, αs = 0, and nT ≈ −0.02, which is
in good agreement with the Planck results [2]. However,
one can see that the power-law inflation is a quite sim-
ple scenario and thus the expressions for the observables,
although in agreement with observations, are simple and
one does not have large parametric freedom to change
their values. Hence, in the next subsection we examine
a more complicated scenario, with improved phenomeno-
logical behavior.
C. Starobinsky inflation
Let us consider a simple but efficient model, namely
the R2 or Starobinsky inflation. In curvature modified
gravity, and in particular in R2 inflation, the action is
given by S =
∫
d4x
√−g {R+ [1/ (6M2)]R2}, where M
is a constant with mass dimension. In such a scenario
the Hubble parameter can be described as [38, 39]
H = H∗ − M
2
6
(t− t∗) , (64)
where H∗ is the value of the Hubble function at
t = t∗. Straightforwardly, the scale factor reads
as a(t) = a∗ exp
[
H∗ (t− t∗)−
(
M2/12
)
(t− t∗)2
]
.
For t ≪ t∗, that is at the early stages of
inflation, we approximately acquire a(t) =
a∗ exp
{[
H∗ +
(
M2/6
)
t∗
]
t− [H∗ + (M2/12) t∗] t∗}.
Thus, using the expressions extracted in Section II, and
in particular (8), in the framework of unimodular gravity
and the new time variable we have
τ = τ¯ +
a3∗
3H∗ + (M2/2) t∗
exp
[(
3H∗ +
M2
2
t∗
)
t
−
(
3H∗ +
M2
4
t∗
)
t∗
]
, (65)
a(τ) =
(
3H∗ +
M2
2
t∗
)1/3
(τ − τ¯ )1/3 , (66)
where τ¯ is a constant. From (66) we obtain H =
1/ [3 (τ − τ¯ )], and therefore, using (13) for the torsion
scalar we acquire T = −6 [H∗ + (M2/6) t∗]2. Thus, we
deduce that in the early stage of inflation T is approxi-
mately constant.
The e-folding number N at the inflationary stage is
defined as
N ≡ ln
(
af
ai
)
= −
∫ ti
tf
H(t˜)dt˜ , (67)
where ai = a(t = ti) is the value of the scale factor a
at the beginning of inflation ti, and af = a(t = tf) is its
value at the end of inflation tf . Inserting (64) into (67)
we acquire
N = −
(
H∗ +
M2
6
t∗
)
(ti − tf) + M
2
12
(
t2i − t2f
)
, (68)
which for positive tf can be inverted to express tf in terms
of N , namely
tf = 6
H∗
M2
+ t∗ +M
−2
{(
6H∗ +M
2t∗
)2
+M2
{
ti
[
M2 (ti − 2t∗)− 12H∗
]− 12N}} 12 .(69)
We can now use (64) in order to calculate the Hubble
slow-roll parameter ǫ1 from (40), namely
ǫ1 =
6M2
[6H∗ −M2 (tf − t∗)]2
, (70)
and thus eliminating tf in favor ofN using (69) we obtain
ǫ1(N)=
6M2
(6H∗+M2t∗)
2+M2 {ti [M2 (ti − 2t∗)−12H∗]−12N}
.
(71)
Similarly, from (41),(42) we obtain
ǫ2(N) = 2ǫ1(N), (72)
ǫ3(N) = 2ǫ1(N). (73)
Inserting these into (43)-(46) we find
r(N) = 16 ǫ1(N), (74)
ns(N) = 1− 6 ǫ1(N), (75)
αs(N) = −8 ǫ21(N), (76)
nT(N) = −2 ǫ1(N). (77)
7These expressions for the inflationary observables can be
in a very good agreement with observations [2]. For in-
stance, taking ti = 1/H∗, t∗ = 3/H∗, H∗/M = 0.04,
and for e-folding number N = 50, we find r ≈ 0.049
ns ≈ 0.981, αs = −7.78 × 10−5, and nT ≈ −0.0062,
while for N = 60, we find r ≈ 0.053 ns ≈ 0.98,
αs = −8.85× 10−5, and nT ≈ −0.0067.
We can eliminate the complicated function ǫ1(N) be-
tween (74) and (75), and between (74) and (76), obtain-
ing respectively
r =
8
3
(1− ns), (78)
and
αs = −2
9
(1− ns)2, (79)
which prove to be very useful, since they allow us to
compare the predictions of our scenario with the observa-
tional data. In particular, the Planck results [2] suggest
that ns = 0.968 ± 0.006 (68%CL), r < 0.11 (95%CL),
and αs = −0.003± 0.007 (68%CL). The combined anal-
ysis of the BICEP2 and Keck Array data with the Planck
data shows r < 0.07 (95%CL) [3]. As we can see, using
(78) and (79), for ns ≈ 0.97 we obtain r ≈ 0.08 and
αs ≈ −0.0002, which reveals a very good agreement with
observations.
D. A specific model: F (T ) = −T + α1(−T )
n + Λ and
λ(T ) = α2 + α3(−T )
m
Let us close the investigation of inflationary cosmol-
ogy in the framework of unimodular F (T ) gravity, by
examining a specific model. As we showed in subsec-
tion II D, in unimodular F (T ) gravity inflation may arise
from power-law forms of the F (T ) and Lagrange mul-
tiplier λ(T ) functions. Hence, as a specific example we
choose
F (T ) = −T + α1(−T )n + Λ , (80)
λ(T ) = α2 + α3(−T )m , (81)
where α1, α2, α3, Λ and n,m are constants (the minus
sign in front of T is chosen for convenience, since in the
usual conventions of f(T ) formulation, in FRW geometry
T = −6H2 < 0). In the following we will focus on the
case where n = 2, m = 1/2. Inserting the above ansatzes
into the first Friedmann equation (14), using the relation
dτ = a3(τ)dt, and considering also the matter sector to
correspond to radiation, i.e ρM = ρr0/a(t)
4, we obtain
the following differential equation:
Λ− α2 − 6H(t)2 −
√
6α3H(t) +
ρr0
a(t)4
− 108α1H(t)4 = 0,
(82)
with H(t) ≡ a˙(t)/a(t) and ρr0 a constant. Choosing
small values for α1 (such that α1H(t)
2 ≪ 1) and for ρr0
(such that ρr0 ≪ 4α2 − α23 − 4Λ) we can extract the
solution as
H(t) ≈ β2
β3 + 2eβ1t
, (83)
where the new constants are defined as
β1 =
√
2
3
(
α3 −
√
α23 + 4Λ− 4α2
)
β2 =
ρ−1r0
2
√
6
(√
α23 + 4Λ− 4α2 − α3
)
· exp
{
4
[
(α23+4Λ−4α2)
(
4α2+α3
√
α23+4Λ−4α2
)
−α23 − 4Λ
]
C1
}
β3 = ρ
−1
r0 exp
{
4
√
α23 + 4Λ− 4α2
[
α3(1− 4α2 + 4Λ)
+α23 + (4α2 − 1)
√
α23+4Λ−4α2
]
C1
}
,(84)
with C1 is an integration constant.
Let us now use the solution (83) in order to calculate
the inflationary observables. We start by calculating the
e-folding number N defined in (67), obtaining
N =
β2
β3β1
[
β1(ti − tf ) + ln
(
β3 + 2e
β1tf
β3 + 2eβ1ti
)]
, (85)
where ti is the beginning of inflation and tf its end. Re-
lation (85) can be easily inverted to give ti(N). Next, we
use (83) in oder to calculate the Hubble slow-roll param-
eters from (40),(41),(42), acquiring
ǫ1 =
2β1e
β1ti
β2
(86)
ǫ2 =
β1
(
β3 + 2e
β1ti
)
β2
(87)
ǫ3 =
2β1e
β1ti
β2
. (88)
Inserting these into (43)-(46) we find
r =
32β1e
β1ti
β2
, (89)
ns = 1−
2β1
(
β3 + 4e
β1ti
)
β2
, (90)
αs = −
8β21e
β1ti
(
β3 + 2e
β1ti
)
β22
, (91)
nT = −4β1e
β1ti
β2
. (92)
Hence, we can insert (85) into the above relations in
8order to eliminate ti in favor of N , obtaining
r(N) =
32β3β1e
β1
(
β3
β2
N+tf
)
β2
[
β3 − 2
(
e
β1β3
β2
N − 1
)
eβ1tf
] , (93)
ns(N) = 1−
2β3β1
[
β3 + 2e
β1tf
(
1 + e
β1β3
β2
N
)]
β2
[
β3 − 2
(
e
β1β3
β2
N − 1
)
eβ1tf
] , (94)
αs(N) = −
8β23β
2
1
(
β3 + 2e
β1tf
)
e
β1
(
β3
β2
N+tf
)
β22
[
β3 − 2
(
e
β1β3
β2
N − 1
)
eβ1tf
] , (95)
nT(N) = − 4β3β1e
β1
(
β3
β2
N+tf
)
β2
[
β3 − 2
(
e
β1β3
β2
N − 1
)
eβ1tf
] . (96)
Finally, we can insert (94) into (93) and (95),(96), in
order to eliminate N and tf in favor of ns, resulting to
r = 4(1− ns)− 8β3β1
β2
, (97)
αs = −1
4
(ns − 1)2 + β
2
3β
2
1
β22
, (98)
nT = −1
2
(1− ns) + β3β1
β2
, (99)
or, restoring the original parameters using (84), we ob-
tain
r = 4(1− ns)
+32 exp
{
4
[
α33+4α3Λ+4α2
(√
α2
3
+4Λ−4α2−α3
)]
C1√
α2
3
+ 4Λ− 4α2
}
,(100)
αs = −
1
4
(ns − 1)
2
+16 exp
{
4
[
α33+4α3Λ+4α2
(√
α2
3
+4Λ−4α2−α3
)]
C1√
α2
3
+ 4Λ− 4α2
}
,(101)
nT = −
1
2
(1− ns)
−4 exp
{
4
[
α33+4α3Λ+4α2
(√
α2
3
+4Λ−4α2−α3
)]
C1√
α2
3
+ 4Λ− 4α2
}
. (102)
Relations (100)-(102) prove to be very useful, since
they allow us to compare the predictions of our scenario
with the observational data. In particular, in Fig. 1 we
use (100) and we present the estimated tensor-to-scalar
ratio of the specific scenario (80)-(81) of inflation in uni-
modular F (T ) gravity, for two cases, on top of the 1σ
and 2σ contours of the Planck 2013 results [40] as well
as of the Planck 2015 results [41]. Additionally, in Fig. 2
we use (101) and we show the predictions of our scenario
for the running spectral index αs on top of the 1σ and 2σ
contours of the Planck 2013 results [40] as well as of the
Planck 2015 results [41]. The agreement with observa-
tions is inside the 2σ region for the tensor-to-scalar ratio
and it is very satisfactory for the running spectral index.
We mention that the agreement with observations is ob-
tained through the unimodular construction, since taking
λ to zero, i.e. for α2, α3 → 0, one arrives to unacceptable
deviations.
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Figure 1: 1σ (magenta) and 2σ (light magenta) contours for
Planck 2015 results (TT+lowP+lensing+BAO+JLA+H0)
[41], and 1σ (grey) and 2σ (light grey) contours for Planck
2013 results (P lanck +WP + BAO) [40] (note that the 1σ
region of Planck 2013 results is behind the Planck 2015 results,
hence we mark its boundary by a dotted curve), on ns − r
plane. Additionally, we present the predictions of the specific
scenario (80)-(81) of inflation in unimodular F (T ) gravity,
with n = 2, m = 1/2, and for α2 = 0.5, α3 = 2, Λ = 0.1,
C1 = −1 (black - solid curve), and for α2 = 1, α3 = 0.5, Λ =
1, C1 = −0.5 (blue - dashed curve), in units where 2κ
2 = 1.
IV. GRACEFUL EXIT FROM THE
INFLATIONARY STAGE
In this section we are interested in investigating the
graceful exit from inflation in unimodular F (T ) gravity.
In general, if the de Sitter solution describing the in-
flationary stage is unstable, then the graceful exit from
inflation can be realized. When the de Sitter inflation
occurs the Hubble parameter is described by H = Hinf ,
whereHinf is a positive constant. In order to examine the
instability of the de Sitter solution, in general one con-
siders the perturbations of the Hubble parameter, which
can be expressed as
H = Hinf +Hinfδ(t) , (103)
δ(t) ≡ δ0eβt , (104)
with δ0 and β constants. In (103) the term Hinfδ(t) de-
scribes the perturbations from the de Sitter solution, i.e.
the constant partHinf of the Hubble parameter, and thus
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-0.02
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s
Figure 2: 1σ (magenta) and 2σ (light magenta) contours
for Planck 2015 results (TT, TE,EE + lowP ) [41], and 1σ
(grey) and 2σ (light grey) contours for Planck 2013 results
(ΛCDM + running + tensors) [40], on ns − αs plane. Ad-
ditionally, we present the predictions of the specific scenario
(80)-(81) of inflation in unimodular F (T ) gravity, with n = 2,
m = 1/2, and for α2 = 0.5, α3 = 2, Λ = 0.1, C1 = −1 (black
- solid curve), and for α2 = 1, α3 = 0.5, Λ = 1, C1 = −0.5
(blue - dashed curve), in units where 2κ2 = 1. The two curves
are indistinguishable in the resolution scale of the figure.
we assume |δ(t)| ≪ 1. Note that in this way we can quan-
tify the instability of the de Sitter solution. If we obtain
a positive solution of β then the value of |δ(t)| increases
in time during inflation, and thus the de Sitter solution is
unstable. Consequently, the inflationary stage ends suc-
cessfully and the universe can enter the reheating stage
and its standard thermal history.
Let us focus on the specific scenario analyzed in sub-
section IIID. In this case, the solution for the Hubble
function (83), in the |δ(t)| ≪ 1 regime, can take the form
(103) withHinf = β2/β3, δ0 = −2/β3 and β = β1. Hence,
one can easily deduce that for β1 > 0 we have a graceful
exit from the inflationary regime.
We close this section by making some comments on
the difference between the present scenario of inflation in
unimodular F (T ) gravity and R2 inflation (Starobinsky
inflation), focusing on the graceful exit. In particular,
in R2 inflation, for the flat FLRW geometry, by differen-
tiating an equation derived from the gravitational field
equations in the absence of matter [10], in terms of t, one
finds
...
R + 3H˙R˙+ 3HR¨+M
2R˙ = 0 , (105)
where R = 6
(
H2 + H˙
)
. Inserting (103), with δ(t) = eβ˜t,
into Eq. (105) and keeping first-order terms in δ(t), we
eventually acquire
β˜
[
β˜3 + 10Hinfβ˜
2 +
(
24H2inf +M
2
)
β˜ + 4HinfM
2
]
= 0.
(106)
It is seen from Eq. (106) that even if there exists a real
solution for β˜, it would be a non-positive solution, which
implies that through the perturbative analysis the insta-
bility of the de Sitter solution does not appear. In sum-
mary, the de Sitter solution for R2 inflation would be
more stable than that for inflation in unimodular F (T )
gravity. This difference between R2 inflation and infla-
tion in unimodular F (T ) gravity acts as an advantage for
the latter.
V. CONCLUSIONS
In the present paper, we have investigated the infla-
tionary realization in the context of unimodular F (T )
gravity. The action of the theory is based on the F (T )
modification of teleparallel gravity, in which one imposes
the unimodular condition through the use of Lagrange
multipliers. Hence, we have developed the general recon-
struction procedure of the F (T ) form that can give rise
to a given scale-factor evolution.
Having presented the general machinery, we have ap-
plied it in the inflationary regime. In particular, we have
extracted the Hubble slow-roll parameters that allow us
to calculate various inflation-related observables, such as
the scalar spectral index and its running, the tensor-to-
scalar ratio, and the tensor spectral index. Then, we
examined the particular cases of de Sitter and power-
law inflation, of Starobinsky inflation, as well as inflation
in a specific model of unimodular F (T ) gravity. As we
showed, in all cases the predictions of our scenarios are
in a very good agreement with observational data from
Planck probe.
Apart from the very satisfactory agreement with ob-
servations, the scenario of inflation in unimodular F (T )
gravity has the additional advantage that it always al-
lows for a graceful exit for specific regions of the model
parameters, as it can be seen by examining the instabil-
ity of the de Sitter phase. This is in contrast with infla-
tionary realizations in curvature-based modified gravity,
such as the Starobinsky inflation, where a graceful exit
is not guaranteed. The above features make inflation in
unimodular F (T ) gravity a successful candidate for the
description of the early universe.
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